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Abstract: During epidemics, individuals may adjust their social behavior in response to the threat.
This may affect the course of the epidemic, and, in turn, again modify people’s behavior. Game theo-
retically, the system may end up in a Nash equilibrium, where no member of the population can benefit
by unilaterally changing their behavior. Compartmentalized epidemic models can incorporate such
endogenous decision making, where individuals try to optimize a utility function via their behavior.
Typically, such models can only be solved numerically. Here, we extend a recently discovered ana-
lytic solution for time-dependent social distancing and the corresponding epidemic dynamics: now, the
probability of an infection taking place can depend on both the susceptible and infectious individual
behaviors. We show that the more effectively the susceptible individual can reduce the probability
of infection, the more self-organized social distancing is expected to occur. The previously identified
heuristic that the strength of rational social distancing is proportional to both the perceived infection
cost and prevalence is found to also hold in the generalized model.
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1. Introduction

Many infectious diseases spread within a given population via contacts between infectious and sus-
ceptible individuals. Given how harmful diseases can be, individuals might want to modify their be-
havior to reduce the chances of disease transmission. While early compartmental models of epidemics
[1] did not consider such behavioral dynamics, this soon became the focus of research, e.g. [2-6];
for reviews, see [7—12]. Understanding the interplay of epidemic and behavioral dynamics is a central
question in epidemiology, and it has been shown that models that incorporate behavioral components
perform better than purely data-driven approaches when fitting to data [13]. Behavioral models have
furthered the understanding of epidemics such as COVID-19 [13] or HIV [14].

Philosophies for modeling behavior widely vary [7-9, 12, 15], ranging from agent behavior being
determined by the state of the epidemic ad-hoc, to agents imitating other agents, to governments or
other decision makers imposing limitations on behavior, to economics-inspired frameworks where
behavior is motivated by the aim to optimize an objective function [16].

Driven by the goal of accurately reproducing epidemic dynamics, epidemic models can become
arbitrarily complex, such as by including sophisticated compartmental structures representing age [ 17—
21] or multiple infection states [22], agent-based modeling [23-26], spatial and temporal networks
[27-29], spatial structure, seasonality [30], heterogeneity [31-36], vital dynamics, loss of immunity
[21, 37, 38], stochasticity [39-42], uncertainty [43, 44], or intervention by governments [8, 16, 45—
50]. Such complex models tend to only be solvable numerically and it can be challenging to explore
all of their features. On the other hand, the benefit of more idealized models is that there might be
an avenue for analytic study, with all the deep insights that bestows. However, analytic solutions for
compartmental disease models have been mostly restricted to constant reproduction ratios [1, 51-55]
and therefore could not express dynamic behavior.

Recently, an analytic solution was found for an idealized compartmental behavioral epidemiology
model [56]. In this model, social distancing behavior of individuals arises out of a game-theoretic
treatment of their interests in a fully time-dependent manner. The present work is a generalization of
this prior research. We assume that individuals aim at maximizing an individual objective function
given the course of the epidemic, itself determined by the general population’s behavior. If the other
individuals making up the population have the same goals in mind, then the population’s behavior ends
up in a Nash equilibrium [3]. This outcome tends not to reach the global maximum of the objective
function, but has the benefit that it is stable against defection by free-riders. Reaching the global
maximum would typically require coordination between individuals [45, 57-59] or intervention by a
decision maker such as a government [8, 16, 58, 60—62], e.g. via tax and subsidy incentives [63].

We formulate the decision making problem for social distancing as a mean-field game [64, 65]
from the viewpoint of a representative individual making choices about their own social behavior. The
disease dynamics are given by a simple compartmental susceptible-infectious-recovered (SIR) model.
The average social activity of the population dynamically determines the infection rate within the
population and is considered to be an exogenous quantity, outside of the control of the individual who
can only control how they personally react to the course of the epidemic. The individual can invest in
social distancing at a cost, thereby reducing their probability of getting infected.

Ultimately, we are interested in the special case in which all population members are identical and
all individually react to the course of the epidemic in the same way. This leads to a Nash equilibrium in
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which the population behavior ends up equal in value to the representative individual’s behavior. How-
ever, for a game-theoretic analysis it is necessary to independently consider individual and population
behaviors at the outset.

We assume that the transmission rate can depend even non-linearly on the time-dependent social
behaviors of both the susceptible and the infectious. Earlier work with a similar transmission rate
model is e.g. [4, 60, 66], albeit focused on numerical results. In principle, the model allows for the
behaviors of susceptible and infectious to be different. Later, we assume that all compartments exhibit
the same behavior in order to be able to calculate an exact and time-dependent analytic solution for
the behavior and the disease dynamics for the Nash equilibrium. In [56], only the susceptible behavior
affected the transmission rate.

Our results reduce to the previously known solution of the SIR model [1, 51-54] if the individual
decides not to adjust their behavior, either because the infection cost is vanishingly small or because
their behavior has a vanishingly small effect on their probability of getting infected.

In order to achieve an analytic solution, we made a range of modeling choices: while our approach
is quite similar to some previous studies [3, 57, 62, 67—69], there are a few main differences that need
discussing. The cost of infection is assumed to be constant — a common assumption [3, 57, 67-69] —
and ignores aspects such as limited hospital capacity [62]. The cost of social distancing is assumed to
be quadratic in the reduction of social activity away from the default behavior. In principle, this means
that the disease can be stopped from spreading at a finite cost per time. This unrealistic feature of the
model could be remedied with a cost that diverges for perfect social distancing [3]. However, given
that self-organized behavior cannot achieve disease eradication [8, 16, 70], the lack of a divergence
in the cost term can be ignored in this work. As a result, we only study the scenario that leads to
herd immunity. Furthermore, we assume that the cost of social distancing is paid by the individual
regardless of which compartment they are in (somewhat similarly to [67]). This corresponds to an
individual who does not know (well) which compartment they are in. This would hold for infections
that can be (at first) largely asymptomatic, but end up being costly (in the long run), such as COVID-
19, Epstein-Barr, HIV, Herpes, or HPV. While the individual is not well aware of their infection status,
we assume that the state of the epidemic be perfectly known at any moment. For instance, this can be
realized in a situation where techniques such as sewage testing [71] provide good information about the
course of the epidemic, while individual fates are less well known. In addition, people might respond to
hospitalization rates. If most cases are asymptomatic, then the vast majority would be unaware of their
own status but respond to information about prevalence through the small symptomatic proportion.
Qualitatively, we find that our results are largely comparable to the typically studied scenario of paying
for and engaging in social distancing only when susceptible [3, 69]. The most obvious difference is
that we predict that social distancing is the most extreme at the peak of the epidemic, while approaches
where only the susceptible social distance predict that the peak of social distancing happens after the
peak of the epidemic. While we had to make many idealizations in order to obtain a solvable model,
the results are qualitatively in agreement with more complex models. Therefore, our hope is that
insights gained from our analytic solution may help both in the general understanding of self-organized
behavior during epidemics and help governments in their decision making.
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2. Model

2.1. Epidemic dynamics in the general population

The epidemic dynamics are described by a standard SIR compartmental model [1], with the popu-
lation consisting of susceptible s(¢), infectious i(¢), and recovered r(f) compartments. The dynamics of
the compartments are given as follows:

%S(t) = —R,(1) s(0) i(0),

d

710 = Ry () s(1) i(2) = i(2), 2.1)
d .

70 =i,

with the behavioral reproduction number R,(t) that depends on the behavior of the population as spec-
ified further below. Time dependences (e.g. of s(¢), i(¢), r(¢) and R,(?)) are typically omitted for brevity
in what follows. Because we ignore births and natural deaths, and include deaths from the disease in r,
the compartments can be normalised, 1 = s+i+r. We rescaled the equations so that time ¢ is measured
in units of the duration of a typical infection. The initial conditions are given as s(0) = so, i(0) = iy,
and r(0) = ro with s, iy, 79 = 0 and s¢ + ip + 79 = 1.

We define the behavioral reproduction number as follows:

Rb = Ro k? k?y, (22)

with the basic reproduction number Ry, the susceptible population behavior k;, the infectious popu-
lation behavior k; and two exponents, x for susceptible and y for infectious behavior. The exponents
x and y control how strongly the behavior affects the transmission rate, and will be referred to as the
effectiveness of the respective social distancing. The activity terms k! and k; enter as a product anal-
ogous to how the rate of new infections in Equation (2.1) is a product of s and i. This corresponds
to assuming that the effects of the respective activities on R, are independent from each other. Since
the behaviors do not necessarily have to enter the dynamics symmetrically or even linearly, we allow
x and y to have different, non-negative values. In what follows, we assume that all individuals of the
population exhibit the same behavior regardless of the compartment they currently find themselves in,
ks = k; = k. = k. This corresponds to the assumption that the disease is asymptomatic. We found that
we were not able to calculate an analytic solution without this assumption. The population’s average
social activity in the absence of an epidemic is assumed to correspond to k = 1. Additionally, one
must also demand that k > 0 on plausibility grounds. Later, we will show that the range of behavior is
naturally more constrained than that.
Now, we can write the population dynamics as

d :
—s = —Rok™™ s,

dt

ii:Rk"ﬂ'si—i (2.3)
dr ° ’ '
ir—i

de
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These equations can only be evaluated once we have found an expression for the behavior k. This will
be the focus of the following sections.

2.2. Individual decision making yields a Nash equilibrium

With the goal of studying self-organized behavior, we single out a representative individual and
their behavior. By reacting to the population behavior £ and the corresponding epidemic dynamics (in
particular i), the individual can influence their own fate with their social distancing behavior «(¢) > 0.
In this work, we neglect the extremely small effect of the individual on the epidemic. The probabilities
of the individual being in each of the compartments obey

d
d_l Uy = _ROkayl/’s I

d .
d—tl//i = Rok" K" ri — ;. (2.4)

These equations slightly differ from Equations (2.3), to reflect that the individual is solely infected by
the population. We can ignore the trivial dynamics for the probability i, of recovery in what follows.

The individual can lower their probability of becoming infected by reducing their activity «(¢). How-
ever, in general, a reduction of activity will lead to a social or economic cost for that individual. This
tradeoff can be mathematically expressed with an objective function or utility U which the individual
is trying to maximize. We use an idealized form for U as follows:

Uk, k) = f " ude + Uy, (2.5)
0
u= —ay;— K -1)72 (2.6)

with an exponent z > 0. The utility represents the expected total costs for the individual integrated over
the whole duration of the epidemic. In particular, the notation is meant to emphasize that the utility
depends on the population and individual behaviors. When infected, the individual pays an expected
infection cost @ > 0. The expected cost of death can be absorbed into « as well. Deviating from one’s
personal default behavior k = 1 is associated with social and economic costs. Later, we focus on the
special case z = 1, so that this cost grows quadratically when deviating from the default behavior. This
is a common choice in control theory, but not the only plausible one [3]; for instance, others prefer a
cost that diverges as k — 0, but this feature would not play an important role in this work. We have
introduced the exponent z into the utility to facilitate analytic solution of the problem. As far as we are
aware, the solution developed in the following requires that z = x + y. Without loss of generality, we
chose to scale the utility such that the cost of complete social distancing for one time unit is given by
1 (i.e. one unit of utility). In this sense, @ measures how costly an infection is compared to complete
social distancing for one disease generation. Note that the definition of the utility slightly differs from
that given in [56]: for x = z = 1 and y = 0, a given value of @ here corresponds to an infection
cost of value @R there. At a final time 77, we assume that the remaining susceptible fraction of the
population becomes instantaneously vaccinated and thus immune to the disease. This is a common
choice [3, 18, 57, 69] that helps with obtaining a well-defined boundary value problem to solve. If one
is infected at # = ¢4, one still has to recover in the usual way, which implies a cost [56] as follows:

Uf = —-a lﬂi’f (27)
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We only study the case in which #; is large enough so that y; s ~ 0.

A rational individual will seek to maximize this objective function by choosing their own behavior
k for a given population behavior k. If the population consists of like-minded individuals with the
same goals, then a situation can arise in which the population average behavior becomes fully aligned
with the behavior of the individual, k() = «(¢). In that situation, the individual cannot improve their
outcome by unilaterally changing their behavior, such that

Uk(t), k(1)) < U(k(t),k(t)) for any k(z). (2.8)

This represents a Nash equilibrium, which can be identified as follows. One first optimizes the utility
over the individual behavior « for an arbitrary, exogenous k (which also uniquely determines the popu-
lation disease dynamics). After that, one identifies the special case in which k = k. As a result, ¢, = s,
Y; = i, too. Formally,

k = |argmax U(k,k) subject to Equations (2.3) and (2.4) . (2.9)
K k=k

2.3. Restatement of the optimization as a boundary value problem

The problem stated in Equation (2.9) represents a standard constrained optimization problem [72,
73] of a mean-field game. Typically, one first restates this as an unconstrained problem, and then
transforms it into a boundary value problem that can be solved with standard techniques. This is an
exact approach. In optimal control theory, the procedure is known as Pontryagin’s maximum principle
[72-74], whereas physicists would know it as Hamiltonian/Lagrangian formalism. For a discussion
of the derivation of the approach, see [72, 73] or Supplementary Information in [62]. The approach
requires the definition of a helper function, a Hamiltonian, that is then used to derive a set of differential
equations. The Hamiltonian is defined as follows:

dy dys; o .
H=u+ Vsd_wt + v,-d—wt = u + Vi(—Rok KW i) + vi(Rok K'Y si — ;)
=—ay; — (K —1)* = (v, = V)R KW — vith. (2.10)

The Lagrange multipliers or costates v,(f) and v;(f) express the expected present value of the utility of
being in each compartment at each point in time [72]. Additionally, they make sure that the optimized
dynamics still satisfy the epidemic equations, see Equations (2.4). Their dynamics are given by the
following:

d OH .
Evs = —6% = (vy — v))Rok K1, (2.11)
d OH
EV,‘ = _a_lﬁl =q+ Vi, (212)
with the boundary conditions
(1) =290 _ (1) = 291 (2.13)
Vg = =Y, Vi = = —a. :
! aws,f ! 0’701',]”
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In reaction to the state of the epidemic as described in particular by k£ and i, the individual chooses the
behavior « that optimizes their utility. Said behavior is given by the following:
0H

0=—-= =2z (K = 1) = (vs = v)Roxk™ " K (2.14)

Note that this behavior also depends on (v — v;), which is the perceived difference in utility of staying
susceptible as compared to becoming infected. In order to find the Nash equilibrium, we now assume
that the population behavior arises because the population consists of individuals with identical pref-
erences all rationally choosing the same behavior; therefore, k = «, and hence s = ¥, and i = ;. Then,
Equation (2.14) reduces to the following:

0=-2z"1Kk = 1) = (vy — v;))Roxk* ™™ si. (2.15)

In order to make full analytic progress, it is convenient to set z = x +y. Other choices for the exponent
are possible. For some choices, partial analytic results are accessible, see Appendix. Then, since k > 0,
we see that

=1 - 2(f(fy)(vs —v)si; (2.16)
therefore,
R, = Rk™ = Ry — X0, _ i 2.17)
2(x+y)

Choosing z = x + y has the further advantage that the value function (i.e. the objective function
evaluated at the Nash equilibrium) then has a quadratic dependence on the behavioral modification
away from the pre-epidemic baseline as follows:

tr _ 2
V() = ff —ai — (W) dt — «aiy. (2.18)
t 0

This guarantees convexity in R, and represents the simplest plausible social distancing cost: for any
social distancing cost that is analytic in R, near R, = R,, one would expect the lowest order term to
enter at quadratic order in R, — Ry, unless fine-tuned so that this term precisely vanishes.

3. Analytic solution

The behavior and corresponding epidemic dynamics in the Nash equilibrium are given by the solu-
tion of Equations (2.3), (2.11) to (2.13), and (2.17). From here, we calculate the analytic solution for
this set of equations. Because the total fraction of recovered cases r(f) monotonically increases with
time ¢,

!
r= f i(t"dt' + ro, G.D
0

we can express the differential equations in terms of r instead of #. This or similar reparametrizations of
time are a common technique in the analysis of epidemic compartmental models (e.g. see [51-53, 75]).
With dr/dt = i, we rewrite the set of equations to be solved as follows:

d

d_rs =—Ry, s, (3.2)
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d .
E‘l = Rb s — 1, (33)
= =Ry, (3.4)
dr
d a +v;
—V; = , 3.5
drv i 3-5)
ox
R, =Ry — — v;)si. .6
b 0 2(x+y)(vs Vl)Sl (3 )
By defining
K(r) = f R, (r)dr’, (3.7
ro

the susceptible fraction is directly given by
s = spe KO, (3.8)
Using the normalization s + i + r = 1, we obtain the following:
i=1-r—se . (3.9)

We exploit that i = dr/dt and integrate this equation to derive the mapping between r and ¢ as follows:

1 -7 — spe K0

s d /
F(r)= f ! =t hence r=F (). (3.10)

Next, we remind ourselves that we only focus on the case where ¢4 is large enough that i(z;) — 0.
This can be used to simplify Equation (3.9) in order to find an expression for the final fraction of
recovered (i.e. the cumulative total of infections),

ry + soe K00 = 1, (3.11)

Equations (3.1) and (3.7) to (3.11) hold for any time-dependent behavior R,(¢) and thus are true for any
reasonable choice of objective function. However, it would seem that an explicit analytic solution is
only possible for special cases, such as ours, Equation (2.6).

The Lagrange multiplier v; has the simple solution v;(r) = —a, as can be directly seen from inspect-
ing Equation (3.5). The other Lagrange multiplier v, follows from rewriting Equation (3.4),

d d
—Vy = —K. 12
drvs (vy + a)dr (3.12)
We integrate this and find the following:
vota = ek = p, (3.13)
s

with a constant u. Using the boundary condition v,(tf) = v,(rs) = 0 with s, = s(rf), we obtain the
following:

V= a— —a. (3.14)
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The Nash equilibrium behavior is obtained by inserting the Lagrange multipliers into Equa-
tion (2.17) as follows:

R, = Rjas;i. (3.15)

R X
*T 2(x+y)
This is a strikingly simple result: in our model, it is rational to target a reduction in the reproduction
number R, — Ry that is proportional to, in particular, the current disease prevalence i.
Proceeding further, we insert Equation (3.15) and i = 1 — r — s into Equation (3.2) and obtain the
following:

ds xRiasy
=2~ _§[R — 1 —7r—
dr s1Ro 2(x+y)( r=9l
= —s[a + br + bs], (3.16)
witha = Ry — b and
X
= Rlas;. 3.17
2(x+y) 0SS ( )

Equation (3.16) can be analytically solved by the following:

exp [-1(r = r0)(2a + b(r + 1))
1 b @rtro? a+br a+br
% \/; o (Brf |4 | - Bef | 4])
with s(r — r9) — so. This expression still depends on r¢; however this can be easily self-consistently

determined via ry = 1 — s(r;). Formally, this result appears unchanged from the solution presented in
[56], but depends here on the effectivenesses x and y via the adjusted definition of b.

s(r) = , (3.18)

4. Results

For the presentation of our results, we chose initial conditions where social distancing is still negli-
gibly small, 7(0) = i(0)/(Ry — 1) = 107 with s(0) = 1 — i(0) — (0). There is considerable freedom in
choosing the effectiveness x of susceptible individual social distancing and the effectiveness y of infec-
tious population social distancing. For simplicity, we restrict ourselves to the case in which x +y = 1
from now on. In that case, R, = Rok, and we can straightforwardly discuss the behavior in terms of k.

The central result of this paper is that we have been able to extend the full analytic solution derived
in [56] to more realistic infection dynamics, see Equation (3.18). See Figure 1(a,c,e) for a direct plot
of this solution for a range of x. While this solution is given in terms of the recovered fraction r, it
can be straightforwardly presented as a function of time via Equation (3.10), see Figure 1(b,d,f). We
note that the higher the effectiveness x of susceptible social distancing, the more social distancing is
observed. Our previous work [56] corresponds to dark lines for x = 1. An effectiveness of x = 1 yields
the strongest incentive to social distance, as it assumes that the susceptible fraction is in complete
control of the behavioral reproduction number, whereas the behavior of the infectious is irrelevant.
An effectiveness of x = 0 results in no behavioral modification, as it assumes that the infectious
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Figure 1. Plots of the solution. Analytic solution of the Nash equilibrium social distancing
problem, Equation (3.18) for an infection cost @ = 25 and a range of effectiveness x of
the susceptible individual social distancing with the social distancing effectiveness of the
infectious population given by y = 1 —x. The x values are color coded consistently across all
figures. As a function of the recovered r, we show the susceptible fraction (a), the infectious
fraction (c), and the population behavior (e). As a function of time ¢, we show the susceptible
fraction (b), the infectious fraction (d), and the population behavior (f). In all figures, the

initial conditions are set to ry = 107, iy = 3 - 1075, and the basic reproduction number
RO =4,
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Figure 2. The dynamics undergo a transition from weak to strong social distancing. (a)
Infection peaks 7 as a function of infection cost & for a range of effectiveness x. The light
grey lines in this figure indicate where the solution does not represent a Nash equilibrium,
as will be discussed further below in Section 4.1. (b) Final fraction of susceptibles s/ as a
function of « for a range of x. For large @, s; — 1/R, see the grey dashed line. (c) The
linear relationship between rational behavior k and infectious fraction i is demonstrated for a
range of x for constant @ = 25.

fraction is in complete control of the behavioral reproduction number: This results in the situation
where a susceptible individual cannot affect their probability of becoming infected, while an infected
individual is always powerless to affect their fate. As a result, the self-interested individual will not
take any action. However, in general, one would expect an effectiveness between these two limits,
0 < x < 1. In particular, one would assume that the situation in which both susceptible and infectious
behavior equally contribute to the infection probability is most representative of real diseases.

The higher « or x are, the stronger the effort towards social distancing. As a result, the epidemic
progresses more slowly, the infection peak becomes reduced, Figure 2a, and the fraction that remain
uninfected at the end of the epidemic s, grows, Figure 2b. The linear relationship between the current
rational social distancing behavior and the current prevalence, Equation (3.15), is shown in Figure 2c.

In Figure 2, we see how quantities such as the infection peak and s; undergo a transition as a
function of @ and x. This can be analyzed in more detail, and in particular, we will identify two
limiting cases:

(1) The non-behavioral limit. Here, either infections are perceived to not carry a cost, @ = 0, or
one’s behavior has no effect on one’s infection probability, x = 0. Therefore, in this limit there is no
modification of behavior, kK = R, see yellow lines in Figure 1.

(2) The strong social distancing limit. Here, the infection costs and the effectiveness of social
distancing are very high.

Two central quantities allow us to effectively investigate these regimes: the excess cases € and the
peak of the epidemic 7 = max(i). We can obtain the crossover between these two regimes by matching
their asymptotes. This will yield two crossover costs.

The excess cases € are given by the number of infections at ¢ = 7, in excess of the herd immunity
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Figure 3. Scaling using analytic asymptotes for the non-behavioral and strong social dis-
tancing limits. (a) The infection peak i as a function of the infection cost « for a range of
effectiveness x at Ry = 4. The light grey solid lines in the figure indicate where the solution
does not represent a Nash equilibrium, as discussed in Section 4.1. The high infection cost
asymptotes, see Equation (4.7), are shown as dashed lines and the crossover costs cx;eak, see
Equation (4.10), as grey stars. Inset: The data collapses onto a single curve by rescaling the
cost @ with the crossover cost a;mk, Equation (4.10), while rescaling the peak height with
its non-behavioral limit, see Equation (4.5). Here, the data is shown as dashed lines, as they
would otherwise completely overlap. (b) Excess cases &(a, Ry, x) as a function of infection
cost a for a range of x. The high infection cost asymptotes, see Equation (4.6), are shown as
dashed lines and the crossover costs @, see Equation (4.9), as black stars. Inset: The data
collapses onto a single curve by rescaling the cost @ with the crossover cost o, see Equa-
tion (4.9), while rescaling (e, Ry) with its non-behavioral limit, see Equation (4.4). Here,

the data is shown as dashed lines, as they would otherwise completely overlap.
threshold 1 — 1/R,. In terms of the susceptible fraction, this can be written as follows:
SZI/R()—Sf (41)

Since we focus on the limit 7 — oo, the system always ends up reaching herd immunity, with s, <
1/Ry, so that £ > 0.
Non-behavioral limit: This case has a long history of being studied [1, 51-54]. In our framework,
the known solution is obtained at @ = 0, where Equation (3.16) has the following solution:

s(r) = spe R0, 4.2)
At the final time, this evaluates to s, = e ®{!=%/~0) From this, we obtain the following:

sp = —W(=s0Roe® " V) /Ry, 4.3)
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where W is the principal branch of the Lambert W function, defined as the inverse of the function
we" [76]. This function is also called the product logarithm. Therefore, the excess cases are given by
the following:

e = (1 + W(=soRpe®" D)) /R,. (4.4)

The infection peak? = max(i) = i(f) takes place at time 7 for which di/dt = 0. From Equation (2.3),
we conclude that then also s(f) = 1/R,. We make use of this in order to solve Equation (4.2) for the
infection peak and obtain the following:

1 =max(i) = 1 —ry — (1 + In(soRy))/Ro 4.5)

These two results are independent of @ and x. We see that they can describe the full analytic solution
well for small @ and x, see Figure 3.

Strong social distancing limit: This regime requires analysis of the limit @x > 1. In this limit,
€ ends up being small. Assuming that s, > 1/R,, we obtain the asymptote for the excess cases by
expanding Equation (3.18) in both 1/(ax) and & small and matching order by order to obtain the
following:

&g= 3 (4.6)
xa
For the infection peak, we analogously obtain
A 2(Ry— 1
i = max(i) = M. 4.7)

At large infection costs «, the solution does indeed approach both these asymptotes, see Figure 3.

Earlier, we claimed that it was not an issue that the social distancing cost remained finite at vanishing
activity, k — 0, since the solution would be unable to reach such values in any case. We can easily see
that in the limit of large infection cost, @x > 1, by combining Equations (3.15), (4.6), and (4.7), we
can obtain the following:

R
Rb:Ro—ﬂxizRo—(l—2—0)(R0—1)z 1. 4.8)
2 ax

This means that the shape of the social distancing cost function for k < 1/Ry is irrelevant in this work.

Crossover costs allow for categorization of the expected behavioral response: Having obtained
analytic expressions for the two extreme limits of behavior, we can calculate the approximate cost at
which the transition between them occurs. This allows us to identify the infection cost at which a given
disease would be expected to elicit a significant self-organized behavioral response from a population.
It turns out that the the excess cases and the infection peak transition at different costs, @}, and a;wk,
respectively. For the excess cases, the results for the non-behavioral and the strong social distancing

limits, Equations (4.4) and (4.6), respectively, match at

.2 R,
@), = - .
o x 1+ (W(=soRgefolro=D)

4.9)
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Figure 4. Crossover costs allow for categorization of the expected behavioral response.
Characterization of the expected behavioral response in the space spanned by infection cost
rescaled with effectiveness, xa, and the basic reproduction number, Ry. The black line de-
scribes the critical cost a7, for the transition in the excess cases, see Equation (4.9). The
grey line describes the critical cost a/;wk for the transition in the infection peak, see Equa-
tion (4.10). The dependence on x can be absorbed into a rescaling of these costs. For low xa,
the behavior is well represented by the non-behavioral limit. For large xa and large enough
Ry, a strong behavioral modification is rational. The colored dots represent the parameter
values used in Figure 1.

For the infection peak, we match Equations (4.5) and (4.7) and obtain the following:

) Ry—1

_z _ 41
Ppeak = L Re(1 = ro) — 1 — In(soRy) (4.10)

These crossover costs identify the transition between the two regimes well, see Figure 3. In addition,
along with the non-behavioral limits for the excess cases € and the infection peak max(i), they can be
used to collapse both quantities onto master curves very successfully, see Figure 3 insets. Together,
both crossover costs determine different aspects of general population behavior and allow us to draw a
“phase diagram” of social distancing, see Figure 4. If getting infected by a disease costs less than either
of the two crossover costs, then the expected social distancing will be negligible. If the infection costs
exceeds both costs, then one can expect a strong self-organized behavioral response. We note here the
important role of the effectiveness x in scaling the crossover costs. If social distancing is perceived
as being relatively ineffective, then the cost of the disease must be perceived much higher to elicit a
strong behavioral response.
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Figure 5. Total cost of the epidemic. The total epidemic cost with respect to the infection
cost, —U/a, as a function of infection cost a for a range of effectivenesses x. The corre-
sponding non-behavioral, Equation (4.12), and strong social distancing asymptotes, Equa-
tion (4.13), are indicated by dotted and dashed lines, respectively. The light grey solid lines
indicate where the solution does not represent a Nash equilibrium, as discussed in Section 4.1.

Behavioral modification reduces the total cost of the epidemic: We are also able to analytically
calculate the utility, Equation (2.5), corresponding to a given equilibrium behavior

.XSf Sf

U=-al|rf—ro+—(Ro(rf—ro) +In|—=]]|, (4.11)
2 S0

noting that sy and r; = 1 — s, depend on a, x, and R,. This form exposes the two costs that contribute

to the utility: the total cost due to infection is —a(ry — 1), while the cost due to social distancing makes

up the rest. Additionally, the utility can be evaluated in the two previously discussed limits. Using

Equation (4.3), the non-behavioral limit evaluates to

U=-a

1
1+ ITOW(—soRoeRO(""])) - ro] . (4.12)

In the strong social distancing limit, the utility asymptotically evaluates to, using y = 1 — x,

x+2
2

U=-"Za|l-rp— — - —— (4.13)

Ry x+2 Ry

1 X h’l(R() SQ) ]

We find that the total cost of the epidemic is generally reduced by social distancing, see Figure 5.
As we already saw earlier, the larger the effectiveness x of individual social distancing, the smaller
are the crossover costs at which one expects strong social distancing. This is also apparent in the
utility. Perhaps surprisingly, the possible reduction in the total epidemic cost tends to be more modest
for larger x, even though the total number of cases is smaller, see Figure 3b. Clearly, this additional
reduction in cases can only be achieved by relatively more expensive social distancing.
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Figure 6. For some disease parameters, the solution is not a Nash equilibrium. (a) Plot of the
maximum criterion, Equation (4.14), as a function of infection cost @ and effectiveness x. The
solution represents a Nash equilibrium as long as this expression is negative. For Ry = 4, as
shown here, the solution is only a Nash equilibrium for all « if x > 2/3, see Equation (4.16).
For values below this threshold, there exists an @, above which our solution ceases to be an
equilibrium, see colored dots. The solution is greyed out where it does not represent a Nash
equilibrium. (b) Plot of a., the infection cost a values for which the maximum criterion,
Equation (4.14), evaluates to 0 and the solution is therefore still a Nash equilibrium for all
a < a.. Above the black line the solution is always Nash, Equation (4.16). For the two
cases in panel (a) where the solution is not Nash, we have marked the parameter values with
colored dots for convenience.

4.1. Establishing when the candidate solution is a Nash equilibrium

The variational approach used by us only yields conditions sufficient to identify extrema. In order
for the solution to represent a Nash equilibrium, we require that it be a maximum. This holds if
0’H/ok* < 0.Forx+y=z=1, x€[0, 1], and using k > 0, we can show that

O*H

W :—2+(2—X)XRQG’Sfi 4.14)
K

k=k

Numerically, we confirm that this criterion increases with a for fixed Ry and x, see Figure 6a.
Therefore, the criterion is not always negative. Analytically, we can study the non-behavioral and
strong social distancing limits. In the non-behavioral limit, « = 0, and so we find trivially that
0’H/0k* = =2 < 0. In the high infection cost limit, using Equations (4.6) and (4.7), we find that

0’H .
W - =-2+2- X)XR()Q’Sfl
A 1 2
<=2+ 2 -x)xRoaspi~ -2+ (2-x) (— - —) 2(Ry — 1). 4.15)
‘ Ry =xa

Therefore, in the limit of @ — oo, in which the asymptotic expressions Equations (4.6) and (4.7)
become exact, a necessary condition for our solution to be a Nash equilibrium is that
_Ry-2
TRy -1

X 2> X, (4.16)
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This indicates that for Ry > 2, our solution is not an equilibrium for all @ and all x € [0, 1]. However,
for any given value of x < x,, there is a range of @ with an upper bound «, for which the solution
still represents a Nash equilibrium, see Figure 6. We cannot rule out the existence of another Nash
equilibrium, possibly on the boundary of the control space. It is possible that above the threshold «.,
the analytical solution is replaced by a corner solution. One possible candidate would be the constant
solution k = 1/Ry,. However, we have not obtained evidence that this candidate represents a Nash
equilibrium. This is probably a very subtle question in the limit of infinite 7.

5. Discussion and conclusion

We extended an SIR compartmentalized model for disease dynamics discussed in an earlier work
[56] to contain a more realistic expression for infection dynamics. In particular, we accounted for
the fact that, in general, both susceptible and infectious social distancing behaviors would affect the
likelihood of infection of the susceptible. Reassuringly, we were able to generalize the analytic solution
identified in that earlier work to the more realistic modeling of infection dynamics presented here.

The new results are best understood in terms of a central parameter, the effectiveness x of susceptible
social distancing. For x = 1, in which the infectious cannot affect the probability of infecting others,
the previous results [56] are recovered. For x = 0, no behavioral modification is observed, since
susceptible individuals cannot affect the probability of getting infected. In that case, the model reduces
to well-known results without time-varying behavior [1, 51-54]. Most real diseases will correspond to
scenarios in-between these extreme cases, in which both the infectious and the susceptible behaviors
affect the likelihood of the susceptible becoming infected.

The higher the effectiveness x, the higher the cost of the disease @, and the higher the current number
of cases, the stronger the social distancing can be expected. We are able to capture this in a simple rule,
Equation (3.15). This result can be seen as justification for other models in which similar behavioral
dynamics were assumed ad-hoc [2, 7, 8, 77]. For instance, behavior adjusting to infection levels were
used to understand the HIV epidemic [78, 79]. For HIV, our assumption of initially asymptomatic
infections that carry a high long-term cost is especially well suited.

We further exploit the analytic solution to generalize asymptotic expressions for the final number
of cases in excess of herd immunity, Equation (4.6), the peak of infection, Equation (4.7), and the total
cost of the epidemic, Equation (4.13), in the limit of high effectiveness of social distancing and a high
infection cost. Additionally, we generalize the characteristic infection costs above which one expects
to observe strong self-organized social distancing to include the effectiveness x of social distancing and
find that the costs scale inversely proportionally to x.

We discover that our solution does not represent a Nash equilibrium for all parameter choices. The
equilibrium is retained if either the effectiveness is large or the infection cost and basic reproduction
are not too large. This may be a generic feature in models that feature a nonlinear dependence on the
behavior in the disease dynamics or have non-quadratic social distancing costs.

While the presented model contains a sophisticated modeling of the infection dynamics, it is still
highly idealized. Therefore, it is unlikely that it would yield quantitative predictions in the case of an
actual epidemic. Still, the results here may serve as helpful approximations to guide individual and
policy responses. The benefit of using such a simple model with an analytic solution is that it allows
us to break down a complex optimization problem into a few key results. First, we were able to derive
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a heuristic for how equilibrium social distancing loosely depends on the current status of an epidemic
and its disease properties. This would likely hold approximately in real epidemics and similar rules
have been used in other models, albeit without the game-theoretic support provided here. Second, we
identified the characteristic costs that allow one to estimate whether a population will meaningfully
engage in spontaneous social distancing without for government intervention. We believe that it is
helpful to provide this intuition to individuals and government decision makers alike.
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Appendix

In the main text, we discussed how to make progress in analysing the optimality condition on «,

Equation (2.15). While we required z = x + y, there are other possible choices for which one can
make limited analytic progress. However, as far as we are aware, no complete analytic solutions are
then possible. These other choices for the exponents lead to a social distancing cost that is no longer
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quadratic in R, — Ry, as in Equation (2.18). Provided z # 1 and k > 0, one can show that Equation (2.15)
corresponds to

0=k =1+ (v, — v)Ry—k""si (5.1)
2z
By inspection there are certain combinations of x, y, z that lead to polynomials expressions that have
explicit solutions for k. For example, assuming 2z = x + y yields
Ry

(1 + LR()G’Sfl')Z

x+y

Rb = R()kx+y = (52)

Such analytic results serve as relatively simple heuristics for R,. However, they do not allow for full
analytic solutions for the disease dynamics.
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